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FURTHER STUDY OF KANENOBU KNOTS
KHALED QAZAQZEH AND ISRA MANSOUR
Abstract. We determine the rational Khovanov bigraded homology groups of all Kanenobu
knots. Also, we determine the crossing number for all Kanenobu knots K(p, q) with pq > 0
or |pq| ≤ max{|p|, |q|}. In the case where pq < 0 and |pq| > max{|p|, |q|}, we conjecture that
the crossing number is |p|+ |q|+ 8.
1. Introduction
Shortly after the discovery of the Jones polynomial, the HOMFLY-PT, and the Kauffman
polynomial invariants, Kanenobu in [3] introduced an infinite family of knots that consists
of infinite classes of knots that have the same HOMFLY-PT and Jones polynomials which
are hyperbolic, fibered, ribbon, of genus 2 and 3-bridge, but with distinct Alexander module
structures .
Kanenobu knots are denoted by K(p, q) for two integers p and q, where p and q denote the
number of half twists as given in figure 1.
Figure 1. The diagram of the Kanenobu knot K(p, q) with p, q > 0
The motivation behind defining Kanenobu knots is the following theorem:
Theorem 1.1 (Main Theorem, [3]). There exists infinitely many examples of infinitely many
knots in S3 with the same HOMFLY-PT polynomial invariant and, therefore, the same Jones
polynomial but distinct Alexander module structures which are hyperbolic, fibered, ribbon, of
genus 2 and 3-bridge.
We summarize the main properties of Kanenobu knots that will be needed in this paper as
follows:
Proposition 1.2 ([3, 4]). For the above Kanenobu knots, we have
(1) K(p1, q1) ≈ K(p2, q2) iff (p1, q1) = (p2, q2) or (p1, q1) = (q2, p2).
(2) K ′(p, q) ≈ K(−p,−q), where K ′ denotes the mirror image of K.
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2 KHALED QAZAQZEH AND ISRA MANSOUR
(3) K(p, q) is prime except for K(0, 0), where K(0, 0) ≈ 41#41.
(4) V (p, q) = (−t)p+q(V (0, 0)− 1) + 1 = (−t)p+q((t−2 − t−1 + 1− t+ t2)2 − 1) + 1).
In this paper, we determine the rational Khovanov bigraded homology groups of Kanenobu
knots that first appeared in [3, 4] and this confirms the result of Theorem 7 in [2]. Based on
this result, we show that all Kanenobu knots are homologically thin. Also, we determine the
crossing number for all Kanenobu knots K(p, q) with pq > 0 or |pq| ≤ max{|p|, |q|} using the
inequality appears in [Theorem 1,[6]]. Finally, we conjecture that the crossing number for the
Kanenobu knot K(p, q) is |p|+ |q|+ 8 with pq < 0 and |pq| > max{|p|, |q|}.
2. Background and Notations
In this section, we give the basic notations and tools for this paper.
2.1. The Jones Polynomial.
Definition 2.1. The Jones polynomial of a link L is an invariant of the equivalence class of
the oriented link L that is characterized as follows:
(1) V (O) = 1, where O is the unknot.
(2) Let L+, L−, and L0 be three oriented link diagrams that are identical except at a small
region as shown in figure 2, then the Jones polynomial satisfies the following skein
relation:
t−1V (L+)− tV (L−) = (t 12 − t
−1
2 )V (L0).(1)
Figure 2. L+, L−, and L0, respectively.
We mention some facts regarding the Jones polynomial that will be used later.
Proposition 2.2. Let L′ be the mirror image of the link L, then VL(t) = VL′(t−1).
Theorem 2.3 (Theorem 1 & 2 & Corollary 1, [9]). Let D be a connected diagram of n crossings
of an oriented link L, and Br(V ) denotes the breadth of the Jones polynomial VL(t) of a link L
that is the difference between the maximal and the minimal exponents of t, then:
(1) If D is alternating and reduced, then Br(V ) = n.
(2) If D is non-alternating and prime, then Br(V ) < n.
(3) If the link L admits a reduced alternating diagram with n crossings, then it can not be
projected with fewer than n crossings.
2.2. The Kauffman Polynomial. We first define the writhe of any link diagram before we
define the Kauffman polynomial.
Definition 2.4. The writhe of a diagram D of an oriented link L, denoted by w(D), is the
difference between the number of positive crossings and the number of negative crossings of D,
where positive and negative crossings are defined according to figure ??.
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The Kauffman polynomial FL(a, x) is a two variable link polynomial of an oriented link L
which is defined on a link diagram D of L as follows:
FL(a, x) = a
−w(D)ΛD(a, x),(2)
where ΛD(a, x) is a polynomial in a and x defined on a diagram D of an unoriented link L
by the following properties:
(1) Λ(O) = 1, where O is the unknot.
(2) Λ(sr) = aΛ(s), where sr is the strand s with a positive curl.
(3) Λ(sl) = a
−1Λ(s), where sl is the strand s with a negative curl.
(4) Λ is unchanged under Reidemeister moves of types II and III.
(5) Let L−, L+, L∞ and L0 are identical diagrams except at a small region where they are
as shown in figure 3, then Λ satisfies Kauffman’s skein relation:
Λ(L−) + Λ(L+) = x(Λ(L∞) + Λ(L0)).(3)
Figure 3. L−, L+, L∞ and L0, respectively.
For a link L, the Q polynomial is related to the Kauffman polynomial by the following
relation:
QL(x) = FL(1, x).(4)
Proposition 2.5 (Property 2, [1]). The Q polynomial satisfies the following properties:
(1) Q(L1#L2) = Q(L1) Q(L2), where L1#L2 is the connected sum of L1 and L2.
(2) Q(L′) = Q(L), where L′ is the mirror image of L.
2.3. Khovanov Invariant. We use the rational version of this link invariant that was first
introduced by Khovanov in [5] by setting c = 0 and tensoring with Q.
For a diagram D of the oriented link L, we denote the isomorphism classes of Hi,j(D) by
Hi,j(L). We denote Hi(D), and Hi(D) to be the i−th homology group of the complex C(D),
and C(D) respectively. Also, we denote Hi,j(D), and Hi,j(D) to be the j−th graded component
of Hi(D), and Hi(D) respectively. Therefore, we have
Hi(D) = ⊕j∈ZHi,j(D), and Hi(D) = ⊕j∈ZHi,j(D).
The homology groups H(D) and H(D) are related as follows:
(5) Hi,j(D) = Hi+x(D),j+2x(D)−y(D)(D),
where x(D) and y(D) are the number of crossings of the form of L− and L+ respectively as
shown in figure 2.
This invariant is a cohomology theory whose graded Euler characteristic is equal to the
normalized Jones polynomial given in equation 6. Moreover, it is more powerful than the
normalized Jones polynomial in many cases.
(6)
∑
i,j∈Z
(−1)iqj dimHi,j(L) = (q−1 + q)V (L)√t=−q.
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2.4. Exact Sequence. We denote D(∗0) and D(∗1) by the diagrams obtained by applying the
0-resolution and the 1-resolution at some fixed crossing of the link diagram D as shown in the
figure 4.
Figure 4. The two resolutions of a link diagram at some crossing
It is clear that C(D(∗0)) and C(D(∗1))[−1]{−1} are subcomplexes of C(D) and form a short
exact sequence
0→ C(D(∗1))[−1]{−1} → C(D)→ C(D(∗0))→ 0,
with degree preserving maps. Therefore, this induces a long exact sequence on homology:
· · · → Hi−1,j(D(∗0)) δ→ Hi−1,j−1(D(∗1))→ Hi,j(D)→ Hi,j(D(∗0)) δ→ Hi,j−1(D(∗1))→ · · ·
(7)
2.5. Lee Invariant. The Lee invariant is a variant of the rational Khovanov homology obtained
from the same underlying complex, but with different differential. We let HiLee(L) to denote
the i−th homology group of the complex C(D) using Lee’s differential. The results needed from
Lee’s invariant in this paper is summarized by
Proposition 2.6 (Proposition 3.3, [7]). Let L be an oriented link with k components L1, L2, . . . , Lk.
Then
(1) dim(HLee(L)) = 2
k.
(2) For every orientation θ of L there is a generator of homology in degree
2×
∑
l∈E,m∈E¯
lk(Ll, Lm)
where E ⊂ {1, 2, . . . , k} indexes the set of components of L whose original orientation
needs to be reversed to get the orientation θ and E¯ = {1, . . . , k}\E. The linking numbers
lk(Ll, Lm) are the linking number (for the original orientation) between component Ll
and Lm.
(3) There is a spectral sequence converging to HLee(L) with E
s,t
1 = Hs+t,4s(L).
2.6. Rasmussen s-invariant. In [8] Rasmussen defines the s-invariant as the average of the
j-gradings of the two copies of Q in the HiLee(K) which is the E∞ page of the above spectral
sequence for the knot K. He shows that the two j-gradings differ by 2. Moreover, he shows
that this invariant satisfies the following inequality:
(8) |s(K)| ≤ 2g∗(K),
where g∗(K) is the slice genus of the knot K.
3. The crossing number of Kanenobu knots
In this section, we establish the first goal of this paper that is evaluating the crossing number
of Kanenobu knots K(p, q) with pq > 0 or |pq| ≤ max{|p|, |q|}. In the case when pq < 0 and
|pq| > max{|p|, |q|}, we conjecture that the crossing number is |p|+ |q|+ 8. But first, we state
and prove some results needed for the proof of the main theorem.
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Proposition 3.1. Let Br(V (p, q)) denote the breadth of the Jones polynomial of Kanenobu
knot K(p, q). Then,
Br(V (p, q)) =
{
|p|+ |q|+ 4, if |p+ q| > 4,
8, if |p+ q| ≤ 4.
Proof. The Jones polynomial of the Kanenobu knot V (p, q) is:
V (p, q) =(−t)p+q(V (0, 0)− 1) + 1
=(−t)p+q(t−4 − 2t−3 + 3t−2 − 4t−1 + 4− 4t+ 3t2 − 2t3 + t4) + 1
=(−1)p+q(tp+q−4 − 2tp+q−3 + 3tp+q−2 − 4tp+q−1 + 4tp+q − 4tp+q+1+
3tp+q+2 − 2tp+q+3 + tp+q+4) + 1.
We have three cases to consider
(1) If p+ q < −4, then the highest and lowest exponents of t in V (p, q) are 0 and p+ q− 4,
respectively. So Br(V (p, q)) = −p− q + 4.
(2) If |p + q| ≤ 4, then the highest and lowest exponents of t in V (p, q) are p + q + 4 and
p+ q − 4, respectively. So Br(V (p, q)) = 8.
(3) If p+ q > 4, then the highest and lowest exponents of t in V (p, q) are p+ q + 4 and 0,
respectively. So Br(V (p, q)) = p+ q + 4.

The Q polynomial of any Kanenobu knot is given by the following proposition:
Proposition 3.2 (Proposition 4.5, [4]). Let Q(a, b) be the Q polynomial of the Kanenobu knot
K(a, b), then we have
Q(a, b) = −σaσb(Q(89)− 1) + x−1(σa+1σb+1 + σa−1σb−1)(Q(88)− 1) + 1,
where Q(88) = 1 + 4x + 6x
2 − 10x3 − 14x4 + 4x5 + 8x6 + 2x7 and Q(89) = −7 + 4x + 16x2 −
10x3 − 16x4 + 4x5 + 8x6 + 2x7.
In the above proposition, σn is defined as follows:
σn =

αn−βn
α−β , if n > 0,
0, if n = 0,
−α−n−β−nα−β , if n < 0,
where α+ β = x and αβ = 1.
The degree of the Q polynomial of any Kanenobu knot is given in the following proposition:
Proposition 3.3. For the Kanenobu knot K(p, q), we have
degQ(p, q) =
{
|p|+ |q|+ 6, if pq ≥ 0,
|p|+ |q|+ 5, otherwise,
Proof. We claim that σn =
n
|n|S|n|−1(x), where Sk(x) is k−th Chebyshev polynomial of the first
kind which is defined inductively by S−1(x) = 0, S0(x) = 1 and Sk(x) = xSk−1(x) − Sk−2(x).
It is clear that this claim is true for n = 0, 1. Now we prove this claim by showing that
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(α+ β)σk = σk+1 + σk−1 for k ≥ 1. We prove the last statement as follows:
(α+ β)σk =(α+ β)(α
k−1 + αk−2β + . . .+ αβk−2 + βk−1)
=α(αk−1 + αk−2β + . . .+ αβk−2 + βk−1)+
β(αk−1 + αk−2β + . . .+ αβk−2 + βk−1)
=(αk + αk−1β + . . .+ α2βk−2 + αβk−1)+
(αk−1β + αk−2β2 + . . .+ αβk−1 + βk)
=(αk + αk−1β + . . .+ α2βk−2 + αβk−1 + βk)+
(αk−1β + αk−2β2 + . . .+ αβk−1)
=σk+1 + (α
k−2 + αk−3β + . . .+ βk−2) = σk+1 + σk−1,
where we used the fact that αβ = 1 in the equation before the last one. Now the claim follows
since we have that σn = −σ−n for n < 0.
Finally, the result follows since we have degQ(p, q) = deg(σ|p|+1σ|q|+1) + degQ(88) − 1 =
|p|+ |q|+ 7− 1 = |p|+ |q|+ 6 for pq ≥ 0 and degQ(p, q) = deg(σ|p+1|σ|q+1|) + degQ(88)− 1 =
|p|+ |q|+ 7− 1− 1 = |p|+ |q|+ 5 for pq < 0.
In the above argument we used the that deg 0 = −1. 
The main tool in proving our main theorem in this section is the following:
Theorem 3.4 (Main Theorem, [6]). Let D be a diagram of a link L. Then,
degQ ≤ c(D)− b(D)(9)
where c(D) is the crossing number of the diagram D of L, b(D) is the maximal bridge length
of D, i.e., the maximal number of consecutive over-pass or under-passes crossings and degQ is
the degree of the Q polynomial of the link L. Moreover, if D is alternating (i.e. b(D) = 1) and
prime, then equality holds.
Theorem 3.5. The crossing number of the Kanenobu knot K(p, q) is given as follows:
c(K(p, q)) =

|p|+ |q|+ 6, if pq < 0 and |p|+ |q| = 2,
|p|+ |q|+ 7, if (pq < 0 and (|p| = 1 or |q| = 1 but not both))
or (pq = 0 and |p|+ |q| = 1) ,
|p|+ |q|+ 8, if pq > 0 or (pq = 0 and |p|+ |q| 6= 1) .
Proof. We give the proof case by case
(1) If pq < 0 and |p| + |q| = 2, then we have (p, q) = (1,−1) or (p, q) = (−1, 1). We
have used Reidemeister moves to construct a reduced alternating diagram of K(1,−1)
of 8 crossings as shown in figure 6. So by the third part of Theorem 2.3 we obtain
c(K(1,−1)) = 8 = |1| + | − 1| + 6. Now c(K(−1, 1)) = c(K(1,−1)) = 8 as a result of
Proposition 1.2.
(2) We have two subcases that will be treated separately
(a) If pq < 0 and (|p| = 1 or |q| = 1 but not both), then we have (p, q) = (m,−1) or
(p, q) = (−1,m) or (p, q) = (−m, 1) or (p, q) = (1,−m) for a positive integer m.
We have used Reidemeister moves to construct a diagram of K(m,−1) with m+ 8
crossings as shown in figure 7. Now by Theorem 3.4 and Proposition 3.3, we have
degQ(m,−1) = m+ 1 + 5 = m+ 6 ≤ c(D)− b(D),
which implies that c(D) ≥ m+ 6 + b(D) for any knot diagram D of K(m,−1). We
have b(D) ≥ 2 for any knot diagram D of the knot K(p,−1) since this knot is not
alternating. i, e b(D) ≥ 2. This follows since if it is alternating, then by Theorem
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3.4, we would have c(K(m,−1)) = degQ(m,−1) + 1 = m+ 7 = Br(V (m,−1)) = 8
or c(K(m,−1)) = degQ(m,−1)+1 = m+7 = Br(V (m,−1)) = m+1+4 which is
impossible in both cases. Now the result follows since we have already constructed
a diagram of m+ 8 crossings with b(D) = 2. Now c(K(m,−1)) = c(K(−m, 1)) =
c(K(1,m)) = c(K(1,−m)) = m+ 1 + 7 = m+ 8 as a result of Proposition 1.2.
(b) If pq = 0 and |p| + |q| = 1, then (p, q) = (1, 0) or (p, q) = (−1, 0) or (p, q) =
(0, 1) or (p, q) = (0,−1). It is enough to consider one case of these four cases
as a result of Proposition 1.2. We have used Reidemeister moves to construct a
reduced alternating diagram of K(1, 0) of 8 crossings as shown in figure 5. So
by the third part of Theorem 2.3 we obtain c(K(1, 0)) = 8 = |1| + |0| + 7. Now
c(K(0, 1)) = c(K(−1, 0)) = c(K(0,−1)) = c(K(1, 0)) = 8 = |1|+ |0|+ 7 as a result
of Proposition 1.2.
(3) We have two also two subcases that will be treated separately
(a) If pq > 0, then both of p and q are positive or negative integers. Now by Theorem
3.4 and Proposition 3.3, we have
degQ(p, q) = |p|+ |q|+ 6 ≤ c(D)− b(D),
which implies that c(D) ≥ |p|+ |q|+ 6 + b(D) for any knot diagram D of K(p, q).
We have b(D) ≥ 2 for any knot diagram D of the knot K(p, q) since this knot
is not alternating. This follows since if it is alternating, then by Theorem 3.4,
we would have c(K(p, q)) = degQ(p, q) + 1 = |p| + |q| + 7 = Br(V (p, q)) = 8 or
c(K(p, q)) = degQ(p, q) + 1 = |p| + |q| + 7 = Br(V (p, q)) = |p| + |q| + 4 which is
impossible in both cases. Now the result follows since we have already a diagram
of |p|+ |q|+ 8 crossings with b(D) = 2.
(b) If pq = 0 and |p| + |q| 6= 1, then we have (p, q) = (m, 0) or (p, q) = (0,m) for
m 6= ±1. Now by Theorem 3.4 and Proposition 3.3, we have
degQ(m, 0) = |m|+ 6 ≤ c(D)− b(D),
which implies that c(D) ≥ |m| + 6 + b(D) for any knot diagram D of K(m, 0).
We have b(D) ≥ 2 for any knot diagram D of the knot K(m, 0) since this knot
is not alternating. This follows since if it is alternating, then by Theorem 3.4,
we would have c(K(m, 0)) = degQ(m, 0) + 1 = |m| + 7 = Br(V (m, 0)) = 8
or c(K(m, 0)) = degQ(m, 0) + 1 = |m| + 7 = Br(V (m, 0)) = |m| + 4 which is
impossible in both cases. Now the result follows since we have already a diagram
of |m|+ 8 crossings with b(D) = 2. Now c(K(m, 0)) = c(K(0,m)) = |m|+ 8 as a
result of Proposition 1.2.

Corollary 3.6. The Kanenobu knots K(p, q) are not alternating except for K(0, 0),
K(1, 0),K(0, 1),K(−1, 0),K(0,−1),K(1,−1) and K(−1, 1).
Proposition 3.7. For the case when pq < 0 with |p| 6= 1 and |q| 6= 1, we have |p| + |q| + 7 ≤
c(K(p, q)) ≤ |p|+ |q|+ 8.
Proof. We have degQ(p, q) = |p|+ |q|+ 5 with a knot diagram of |p|+ |q|+ 8 crossings. We also
know that the knot K(p, q) in this case is not alternating. This follows since if it is alternating,
then by Theorem 3.4, we would have c(K(p, q)) = degQ(p, q)+1 = |p|+|q|+6 = Br(V (p, q)) = 8
or c(K(p, q)) = degQ(p, q) + 1 = |p|+ |q|+ 6 = Br(V (p, q)) = |p|+ |q|+ 4 which is impossible
in both cases.

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Figure 5. Using Reidemeister moves to construct a reduced alternating dia-
gram of K(1, 0).
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Figure 6. Using Reidemeister moves to construct a reduced alternating dia-
gram of K(1,−1).
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Figure 7. Using Reidemeister moves to construct a reduced diagram of K(p,−1).
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We suggest the following conjecture that computes the crossing number of the Kanenobu
knot K(p, q) in the above case.
Conjecture 3.8. For the case when pq < 0 with |p| 6= 1 and |q| 6= 1, we have c(K(p, q)) ≤
|p|+ |q|+ 8.
4. Khovanov homology of Kanenobu knots
Lemma 4.1. The Khovanov bigraded homology groups of the figure eight knot Hi,j(K) are
given as follows:
dimHi,j(K) =
{
1, if (i, j) = (−2,−5), (−1,−1), (0,−1), (0, 1), (1, 1), (2, 5),
0, otherwise.
Lemma 4.2. The Kanenobu knot K(p, 0) is a slice knot. Therefore, we obtain s(K(p, 0)) = 0.
Proof. We know that the knot K(p, 0) is a ribbon knot by Theorem 6, so it is a slice knot. The
second part follows by inequality 8. 
Lemma 4.3. We have
dimHx(D),2x(D)−y(D)−1(D) = dimHx(D)+1,2x(D)−y(D)+3(D) + 1,
dimHx(D),2x(D)−y(D)+1(D) = dimHx(D)−1,2x(D)−y(D)−3(D) + 1,
dimHi,j(K) = dimHi+1,j+4(K) + 1.
for any diagram D of a homologically thin knot K with s(K) = 0 and j − 2i = σ(K)− 1.
The following lemma will be used later in this paper.
Lemma 4.4. σ(K(p, 0)) = 0 for any integer p.
Proposition 4.5. The Khovanov bigraded homology groups of the disjoint union of two figure
eight knots K unionsqK are given by the following:
dimHi,j(K unionsqK) =

1, if (i, j) = (−4,−10), (−2,−2), (0,−2), (0, 2), (2, 2), (4, 10),
2, if (i, j) = (−3,−6), (−2,−6), (−2,−4), (−1,−4), (−1,−2),
(−1, 0), (1, 0), (1, 2), (1, 4), (2, 4), (2, 6), (3, 6),
6, if (i, j) = (0, 0),
0, otherwise.
Proof. We use Hi,j(KunionsqK) = ⊕l,m∈Z(Hl,m(K)⊗Hi−l,j−m(K)) given in [Corollary 12, [5]]. 
Proposition 4.6. The Khovanov bigraded homology groups of the Kanenobu knot K(0, 0) are
given by the following:
dimHi,j(K(0, 0)) =

1, if (i, j) = (−4,−9), (−3,−7), (−3,−5), (−2,−3), (2, 3),
(3, 5), (3, 7), (4, 9),
2, if (i, j) = (−2,−5), (−1,−3), (−1,−1), (1, 1), (1, 3), (2, 5),
3, if (i, j) = (0,−1), (0, 1),
0, otherwise.
Proof. It is well-know that the Kanenobu knot K(0, 0) is the connected sum of two figure eight
knots K#K. We use the following long exact sequence given in [Proposition 34, [5]]:
. . .→ Hi−1,j−1(K unionsqK)→ Hi−1,j−2(K#K)→ Hi,j(K#K)→ Hi,j−1(K unionsqK)→ . . .
We consider cases by case
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(1) If j = 9 then we have two subcases
(a) If i = 4
. . .→ H4,11(K#K)→ H4,10(K unionsqK)→H4,9(K#K)→ H5,11(K#K)→ . . .
0→ Q→H4,9(K#K)→ 0,
so we get dimH4,9(K#K) = 1.
(b) If i = 5
. . .→ H5,11(K#K)→ H5,10(K unionsqK)→H5,9(K#K)→ H6,11(K#K)→ . . .
0→ 0→H5,9(K#K)→ 0,
so we get dimH5,9(K#K) = 0.
(2) If j = 7 then we have two subcases
(a) If i = 3
. . .→ H3,8(K unionsqK)→ H3,7(K#K)→H4,9(K#K)→ H4,8(K unionsqK)→ . . .
0→ H3,7(K#K)→H4,9(K#K)→ 0,
so we get dimH3,7(K#K) = dimH4,9(K#K) = 1.
(b) If i = 4
. . .→ H4,8(K unionsqK)→ H4,7(K#K)→H5,9(K#K)→ H5,8(K#K)→ . . .
0→ H4,7(K#K)→H5,9(K#K)→ 0,
so we get dimH4,7(K#K) = dimH5,9(K#K) = 0.
(3) If j = 5, then we have
. . .→ H2,7(K#K)→ H2,6(K unionsqK)→H2,5(K#K)→ H3,7(K#K)
→ H3,6(K unionsqK)→ H3,5(K#K)→ H4,7(K#K)→ . . .
0→ Q⊕Q→ H2,5(K#K)→Q→ Q⊕Q→ H3,5(K#K)→ 0,
Now we have dimH3,5(K#K) = dimH4,9(K#K) = 1 as a result of the third statement
of Lemma 4.3. Therefore, we obtain dimH2,5(K#K) = 2 since the Euler characteristic
of an exact sequence must vanish.
(4) If j = 3, then we have
. . .→ H1,5(K#K)→ H1,4(K unionsqK)→H1,3(K#K)→ H2,5(K#K)
→ H2,4(K unionsqK)→ H2,3(K#K)→H3,5(K#K)→ H3,4(K unionsqK)→ . . .
0→ Q⊕Q→ H1,3(K#K)→ Q⊕Q→Q⊕Q→ H2,3(K#K)→ Q→ 0,
Now we have dimH2,3(K#K) = dimH3,7(K#K) = 1 as a result of the third statement
of Lemma 4.3. Therefore, we obtain dimH1,3(K#K) = 2 since the Euler characteristic
of an exact sequence must vanish.
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(5) If j = 1, then we have
. . .→ H0,3(K#K)→ H0,2(K unionsqK)→H0,1(K#K)→ H1,3(K#K)
→ H1,2(K unionsqK)→ H1,1(K#K)→H2,3(K#K)→ H2,2(K unionsqK)→ H2,1(K#K)→ . . .
0→ Q→ H0,1(K#K)→ Q⊕Q→Q⊕Q→ H1,1(K#K)→ H2,3(K#K)→ Q→ 0,
Now we have dimH1,1(K#K) = dimH2,5(K#K) = 2 as a result of the third statement
of Lemma 4.3. Also, we have dimH0,1(K#K) dimH−1,−3(K#K)+1 = dimH1,3(K#K)+
1 = 3. The last isomorphism follows as a result of Theorem 1.2 and [Corollary 11,[5]].
Therefore, we obtain dimH2,3(K#K) = 1 since the Euler characteristic of an exact
sequence must vanish.
Finally the result follows by [Corollary 11,[5]] since K#K is equivalent to its mirror image.

Theorem 4.7. The Kanenobu knot K(p, 0) for a negative integer p is homologically thin over
Q and its Khovanov bigraded homology groups are given as follows:
dimHi,j(K(p, 0)) =

dimH−p,−2p−1(K(0, 0)) + 1, if (i, j) = (0, 1),
dimH−p,−2p+1(K(0, 0)) + 1, if (i, j) = (0,−1),
dimH−p−1,−2p−3(K(0, 0)), if (i, j) = (−1,−3) and p 6= −1,
dimH−p−1,−2p−1(K(0, 0)), if (i, j) = (−1,−1) and p 6= −1,
dimH0,1(K(0, 0))− 1, if (i, j) = (p, 2p+ 1),
dimH0,−1(K(0, 0))− 1, if (i, j) = (p, 2p− 1),
dimHi+p,j+2p(K(0, 0)), otherwise.
Proof. We show the claim by induction on |p|. We resolve any crossing of the p-crossings to
obtain D(∗0) and D(∗1). It is clear that D(∗0) is a diagram of the Kanenobu knot K(p+ 1, 0)
and D(∗1) is a diagram of the unlink of two components as seen in figure 8.
From the induction hypothesis, K(p+ 1, 0) is homologically thin. Therefore, H(K(p+ 1, 0))
is supported on the two lines j−2i = σ(K(p+1, 0))±1 = ±1. As x(K(p+1, 0)) = x(D(∗1)) =
3 − p and y(K(p + 1, 0)) = y(D(∗1)) = 4, then H(K(p + 1, 0)) is supported on the two lines
j − 2i = −4± 1. Also, we have
Hi,j(D(∗1)) =

Q, if (i, j) = (3− p, 4− 2p), or (3− p,−2p),
Q⊕Q, if (i, j) = (3− p, 2− 2p),
0, otherwise.
Now we obtain dimHi,j(K(p, 0)) = dimHi,j(K(p+ 1, 0)) directly from the long exact sequence
on homology except on the following three cases:
(1)
0→ Q→ H4−p,5−2p(K(p, 0))→ H4−p,5−2p(K(p+ 1, 0))→ 0.
Therefore, we obtain dimH4−p,5−2p(K(p, 0)) = dimH4−p,5−2p(K(p+ 1, 0)) + 1.
(2)
0→ H3−p,1−2p(K(p, 0))→ H3−p,1−2p(K(p+ 1, 0)) δ→ Q→ H4−p,1−2p(K(p, 1))→ 0.
We have two subcases and only the second one holds:
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Figure 8. Resolving one of the crossings of the diagram of K(p, 0).
(a) dimH3−p,1−2p(K(p, 0)) = dimH3−p,1−2p(K(p+ 1, 0)) and
dimH4−p,1−2p(K(p, 0)) = 1. By induction, K(p+1, 0) is homologically thin. So by
Lemma 4.3, we obtain dimH3−p,1−2p(K(p+1, 0)) = dimH4−p,5−2p(K(p+1, 0))+1.
Hence we conclude dimH3−p,1−2p(K(p, 0)) = dimH4−p,5−2p(K(p, 0)). Now in the
spectral sequence:
0→ H3−p,1−2p(K(p, 0)) d1→ H4−p,5−2p(K(p, 0))→ 0.
The map d1 has to be injective and not surjective since in the E∞-page one copy
of Q survives at the j-grading 1 and not at the j-grading -3. This is impossible as
the domain and the codomain have the same dimension.
(b) dimH3−p,1−2p(K(p, 0)) = dimH3−p,1−2p(K(p+ 1, 0))− 1, and
dimH4−p,1−2p(D) = 0.
(3)
0→ H3−p,3−2p(K(p, 0))→ H3−p,3−2p(K(p+ 1, 0)) δ→ Q⊕Q
→ H4−p,3−2p(K(p, 0))→ H4−p,3−2p(K(p+ 1, 0))→ 0.
We conclude that the Kanenobu knot K(p, 0) is homologically thin as the its bigraded
homology is supported on j− 2i = −4± 1. Therefore as a result of the third statement
of Lemma 4.3, we obtain
dimH3−p,3−2p(K(p, 0)) + 1 = dimH2−p,−1−2p(K(p, 0)) + 1
= dimH2−p,−1−2p(K(p+ 1, 0)) + 1
= dimH3−p,3−2p(K(p+ 1, 0)).
Also since the Euler characteristic of an exact sequence must vanish, we obtain
dimH4−p,3−2p(K(p, 0)) = dimH4−p,3−2p(K(p+ 1, 0)) + 1.
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Finally, the recursion holds from the fact that x(K(p, 0)) = 4 − p and y(K(p, 0)) = 4 and
equation 5. 
As a result of Theorem 1.2 and [Corollary
11,[5]], we obtain
Corollary 4.8. The Kanenobu knot
K(p, 0) for a positive integer p is homo-
logically thin over Q and its Khovanov
bigraded homology groups are given by
Hi,j(K(p, 0)) = H−i,−j(K(−p, 0)).
We show that Hi,j(K(p, q)) depends only
on the sum of p and q and this general-
izes [Theorem 7, [2]]. So we can compute
the rational Khovanov bigraded homology
groups of any Kanenobu knot by combin-
ing Theorem 4.7 and Corollary 4.8.
Proposition 4.9. For any two integers p
and q, we have
Hi,j(K(p, q)) ≡ Hi,j(K(p+ q, 0)).
Proof. We can assume that p < 0 and
|p| > q using the second part of Proposi-
tion 1.2. We have x(K(p, q)) = x(K(p +
q, 0)), y(K(p, q)) = y(K(p+ q, 0)), x(K(p+
1, q)) = x(K(p + q + 1, 0)), y(K(p +
1, q)) = y(K(p + q + 1, 0)), and x(U1) =
x(U2), y(U1) = y(U2), where U1 and U2
are diagrams of the unlink of two com-
ponents obtained by resolving one of the
p-th and p + q-th crossings in the dia-
grams of K(p, q) and K(p + q, 0) respec-
tively. Therefore, it is enough to show that
Hi,j(K(p, q)) ≡ Hi,j(K(p+ q, 0)).
The long exact sequences for K(p, q) and
K(p + q, 0) as in equation 7 are isomor-
phic as seen in the following commutative
diagram using the five lemma if we use in-
duction on |p+ q|. 
H
i−
1
,j(K
(p
+
1
,q))
−−−−→
H
i−
1
,j−
1(U
1 )
−−−−→
H
i,j(K
(p
,q))
−−−−→
H
i,j(K
(p
+
1
,q))
−−−−→
H
i,j−
1(U
1 )
∥∥∥
∥∥∥
y
∥∥∥
∥∥∥
H
i−
1
,j(K
(p
+
q
+
1
,0
))
−−−−→
H
i−
1
,j−
1(U
2 )
−−−−→
H
i,j(K
(p
+
q,0
))
−−−−→
H
i,j(K
(p
+
q
+
1
,0))
−−−−→
H
i,j−
1(U
2 )
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